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We present a large deviations theory of the spin-spin correlation functions in the Random Field
Ising Model on the Bethe lattice, both at finite and zero temperature. Rare events of atypically
correlated variables are particularly important at the critical point: the phase transition is driven
by few pairs of strongly correlated spins, while the majority remains basically uncorrelated. At the
zero temperature critical point the number of spin pairs correlated over a distance ` is shown to be
no longer exponential, but only linear in the spins separation.
I. INTRODUCTION
The presence of quenched randomness in ferromagnetic systems, and generally in all disordered systems, induces
large fluctuations in the physical observables that strongly depend on the local environment1,2. These fluctuations may
reduce the physical informations contained in the typical values of observables, making unavoidable the knowledge of
their full probability distribution. The theoretical need to deal with distributions, rather than averages, arises from
an important physical truth about random systems, i.e., the fact that they are not just dirty or imperfect realizations
of regular systems, but fundamentally different ones3.
We undertake this important and conceptually deep approach to study the spin-spin connected correlation function,
whose probability distribution remains non-trivial even in the thermodynamical limit. The most probable value of the
correlation does not play any significant role, since it can be very different from the more important average value.
We find that, at any given distance, the average correlation is dominated by few atypical highly correlated variables.
Therefore one can not just be satisfied with computing the most likely outcomes of a measure of the correlation
between the dynamical variables: one also need to understand the rare events, that is atypically large correlations
appearing with very small probabilities. This is especially important at the phase transition point, where the system
gets critical thanks to the presence of rare and highly correlated spin pairs4. The study of the fluctuations of the
spin-spin correlation function thus leads, in a natural way, to a theory of large deviations.
Besides the fact that no theoretical description of physical phenomena can be considered satisfactory if it does
not quantify deviations and fluctuations, the non trivial distribution of correlations plays a central role in disordered
systems, because it encapsulates most of the physical information, that, on the contrary, is missed by their typical
values. Furthermore the outcome of this work is particularly important in the development of a loop expansion around
the mean field theory for disordered systems, since one needs to know very precisely (i.e. at the large deviations level)
the two-point correlation function in order to compute loop corrections. To be precise we have to specify what kind
of mean field theory we are talking about. Generally, mean field approximations are formulated in two different ways:
the first one consists by replacing coupling constants decaying with distance by distance-independent interactions.
The second one amounts to neglect the correlations induced by the presence of loops on the lattice. The latter
approximation scheme is the Bethe-Peierls (BP) approximation5. While the systematic field-theoretical treatment of
the corrections to the first method is well developed and widely used6 (even if we do not know how to treat the loop
expansion in the spin glass phase below 6 dimensions), the loop corrections to BP results are not under the same
control. The development of a perturbative formalism around the Bethe approximation has been undertaken in the
last years using different approaches7–9, but the computations remain analytically very challenging. In particular in
the systematic expansion proposed in Ref.8 it is stressed that the practical calculation of the diagrams relies on the
traslational symmetry of the model. The application of a systematic loop expansion to disorderded systems requires
the precise knowledge of the fluctuations of the propagators, i.e., their full probability distribution. In this work
we provide a way to numerically compute the distribution of bare propagators for a finite temperature, as well as
their analytical form in the zero temperature limit (that is the most interesting case from the point of view of the
renormalization group approach).
To make our discussion concrete we consider the Random Field Ising Model (RFIM) on the Bethe lattice and develop
the large deviations theory of the connected two-point correlation functions. The treatment of the finite temperature
regime is separated from the zero temperature one. The latter case deserves particular care, since the naive limit
T → 0 of the finite temperature scenario, does not account for the whole spectrum of possible zero-temperature
fluctuations.
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2In the end of the manuscript we argue that the zero temperature results for the RFIM are also valid for the spin
glass model in a uniform field, when the system is above the critical point. On the contrary, below the critical point,
the analysis of the correlations distribution in the spin glass model requires a much more sophisticated analysis.
The paper is organized as follows. In Section II we introduce the model and define the two main objects to be
studied: the cumulant generating function of the decay rate of the two-point connected correlation function and the
large deviations function of this decay rate. In Section III and IV we present two methods to compute these functions.
The first one is the same used in Ref.4, while the second method allows to obtain the cumulant generating function
from the solution of an integral eigenvalues equation, thus providing both numerical and theoretical advantages with
respect to first method. We use both methods to draw the profiles of the large deviations function at finite temperature,
with a special attention to the critical line. Section V is devoted to the zero temperature case. In this limit situation
an analytical form of the correlation probability distribution can be derived under mild approximations. A conclusion
is to be found at the end of this paper.
II. THE MODEL
The Random Field Ising Model (RFIM) on the Bethe lattice is defined by the following Hamiltonian:
H = −
∑
〈ij〉
Jsisj −
∑
i
hisi , (1)
where the N spins si = ±1 are placed on the nodes of a Bethe lattice with fixed coordination number z + 1, i.e. a
random regular lattice. The random fields {hi} are drawn independently from a Gaussian distribution with zero mean
and variance h2 = σ2. The model can be exactly solved at the replica-symmetric level, since no replica-symmetry
breaking does occur at any temperature10. In the cavity approach the model solution is obtained from the following
self consistent equations for the cavity field and cavity bias probability density functions P (h) and Q(u) respectively:
P (h) =
∫ [ z∏
i=1
dQ(ui)
]
δ
(
h− hR −
z∑
i=1
ui
)hR
,
Q(u) =
∫
dP (h) δ [u− uˆ(β, J, h)] ,
(2)
where the overbar denotes the average over the random field distribution and the function uˆ(β, J, x) is given by the
following expression:
uˆ(β, J, x) = β−1atanh[tanh(βJ) tanh(βx)] . (3)
The response of the spin si with respect to a field Hj acting on site j is defined as
R(i, j) = ∂〈si〉
∂Hj
= β〈sisj〉c, (4)
where 〈sisj〉c is the connected correlation function between spins si and sj . Let us focus on two spins si and sj in
the graph at distance `. In the thermodynamical limit the spins are joined almost surely by a unique path of lenght
`. Renaming the spins at the boundaries of the path as s0 and s`, the response function can be written using cavity
messages as4
R(`) = ∂〈s0〉
∂H`
= β(1− 〈s0〉2)
∏`
k=1
∂uk→k−1
∂uk+1→k
, (5)
where uk→k−1 is the cavity bias running along the path from site ` to site 0 (see Fig. 1).
The decay properties of the response function R(`), at large `, are contained in the product entering in the r.h.s.
of Eq. (5). Thus we define a normalized connected correlation function as23
C(`) = R(`)
β(1− 〈s0〉2) =
∏`
k=1
∂uk→k−1
∂uk+1→k
. (6)
3Fig. 1: The chain in the factor graph used to compute the response function given by Eq. (5) : dots represent the variable-
nodes, squares the factor-nodes. In this case the factor-nodes are in one-to-one correspondence with the edges of the original
graph. The cavity field h is the message sent from variable-node to factor-node, while the bias u is the message from factor-
node to variable-node. The external random field, called HR in this figure, is represented as a dashed arrow. Eq. (5) can be
justified by noticing that the cavity biases {u} entering a given node are supposed to be uncorrelated under the hypothesis
of the replica-symmetric cavity method. Therefore, deriving the field u1→0 with respect to the bias u→` arriving at the right
boundary of the path, and applying the chain rule for derivatives, one gets the product over k of Eq. (5). The remaining
prefactor β(1− 〈s0〉2) comes from the derivative of the magnetization 〈s0〉 of site 0 with respect to a field acting on the same
site 0 (it can be the total field or just the bias u1→0, both would lead to the same result).
With this definition we have C(0) = 1. The large distance behaviour of the correlation function is extracted from its
decay rate:
γ0 = − lim
`→∞
log C(`)
`
. (7)
Due to the FKG inequality11, the correlation function C(`) is positive defined, so that its logarithm is well behaved
for any finite temperature. Because of the multiplicative ergodic theorem12 the limit (7) exists with probability one.
Moreover the decay rate γ0 is a non-random variable, i.e.,
γ0 = − lim
`→∞
log C(`)
`
, (8)
where the overbar indicates the average over the ensemble Λ of all possibile cavity bias sequences µ` ≡
[u`→`−1, . . . , u1→0]. Roughly speaking, we can say that there is a subclass Λ∗ of typical sequences which has full
measure over the ensemble of sequences Λ and where the correlation C(`) decays exponentially with rate γ0. For all
µ` ∈ Λ∗ we have that: − lim`→∞ log C(`)/` = γ0. Despite this, there exist very improbable sequences in Λ which
lead to a different asymptotic limit of the decay rate. They cannot change the logarithmic average (7), but they are
relevant in the evaluation of the decay rate of the disorder averaged connected correlation function:
γ1 = − lim
`→∞
log C(`)
`
. (9)
For a general discussion on this problem see, e.g., Refs. 1,2,13.
The rate γ1 is the quantity directly involved in the computation of the ferromagnetic susceptibility χF . In order to
compute χF we use the fact that in a large random sparse network, by approximating the lattice with a tree rooted
on site 0, the number of spins at distance ` from the central spin s0 is (z+ 1)z
`−1. This allows to write the non-trivial
contribution to the ferromagnetic susceptibility χF as:
χF =
z + 1
z
∞∑
`=1
z` R(`) ∝
∞∑
`=1
z` C(`) ∼ (1− ze−γ1)−1 . (10)
The critical point, associated with the divergence of χF , is reached when γ1 = log(z). We now introduce the
distribution of the decay rate P`(γ). Physically P`(γ)dγ represents the probability to measure an effective decay
rate − log C(`)/` belonging to the interval [γ, γ + dγ]. Since P`(γ) concentrates on the point γ = γ0 for ` → ∞, the
following asymptotic behaviour can be predicted:
P`(γ) ≈ e−`Σ(γ) for `→∞ , (11)
with a rate function Σ(γ) ≥ 0. We will be more precise in a while, but for the moment let us evaluate the susceptibility
χF using the asymptotic distribution (11):
χF ∝
∞∑
`=1
z` C(`) ≈
∑
`
z`
∫
dγ e−`[Σ(γ)+γ] ≈
∑
`
z`e−`[Σ(γ
∗)+γ∗] , (12)
4where in the last step the integral is evaluated via the steepest descent method and γ∗ is the solution of the saddle
point equation
∂Σ(γ)
∂γ
∣∣∣
γ∗
= −1 . (13)
The value γ = γ∗ selects the correlations which dominate the average C(`). If we call N`(γ∗) = z`e−`Σ(γ∗) the number
of spins pairs (σ0, σ`) whose correlation C(`) decays as e
−`γ∗ , we can write the susceptibility χF as
χF ≈
∑
`
N`(γ∗)e−`γ∗ . (14)
Eq. (14) emphasizes that the main contribution to the susceptibility comes from rare correlations with atypically
small decay rate γ∗. This is true also at the phase transition point, with the physical consequence that the criticality
is driven by few pairs of strongly correlated variables, whose number is z`e−`Σ(γ
∗) and, hence, much smaller then the
total number of pairs z`. A scaling law of the form P`(γ) ≈ e−`Σ(γ), where ` is assumed to be large, and Σ is a positive
function, is referred to as a large deviation principle. To make it more precise, let x` be a random variable indexed by
the integer `, and let P (x` ∈ I) be the probability that x` takes on a value in a set I. We say that P (x` ∈ I) satisfies
a large deviation principle with rate ΣI if the limit
lim
`→∞
−1
`
logP (x` ∈ I) = ΣI (15)
exists. Hence, if P (x` ∈ I) has a dominant exponential behavior in `, then that limit should exist with ΣI 6= 0. If
the limit does not exist, then either P (x` ∈ I) is too singular to have a limit or else P (x` ∈ I) dacays with ` faster
than e−`a with a > 0. In this case, we say that P (x` ∈ I) decays super-exponentially and set Σ = ∞. The large
deviation limit may also be zero for any set I if P (x` ∈ I) is sub-exponential in `, i.e., if P (x` ∈ I) decays slower
than e−`a, a > 0. The cases of interest in the analysis of large deviations of correlations are those for which the
limit shown in (15) exists. Indeed, a sub-exponential behavior of P (x` ∈ I) would lead to an unphysical divergent
susceptibility at all temperatures, while a super-exponential one would give a finite susceptibility at all temperatures,
that corresponds to a model without phase transitions.
To reconstruct the rate function Σ(γ), we define the cumulant generating function of the random variable γ14:
λ(q) = − lim
`→∞
log C(`)q
`
, (16)
where q ∈ R and
C(`)q =
∫
dγ P`(γ) e
−`qγ . (17)
Notice that γ0 = λ
′(0) and γ1 = λ(1). The Ga¨rtner-Ellis theorem15,16 states that, if λ(q) exists and is differentiable
for all q ∈ R, then γ satisfies a large deviation principle, i.e.,
P`(γ) ≈ e−`Σ(γ) , (18)
where the sign ’≈’ is used to stress that, as ` →∞, the dominant part of P`(γ) is the decaying exponential e−`Σ(γ).
The rate function Σ(γ) is given by the Legendre-Fenchel15 trasform of λ(q):
Σ(γ) = sup
q∈R
[λ(q)− qγ] . (19)
In the next section we are going to explain how to compute the cumulant generating function (16) and the rate
function (19).
III. HOW TO COMPUTE THE CUMULANT GENERATING FUNCTION λ(q)
In this Section we present two methods to compute the generating function λ(q). The first method follows from the
formal definition of λ(q). Practically we compute the average C(`)q at finite ` using a stochastic sampling method.
Once we have obtained the average C(`)q we compute the logarithm, then we divide by ` and eventually we extrapolate
5in the limit ` → ∞. Even if the extrapolation is unambigous from the numerical point of view, it remains limited
from the theoretical perspective. It would be better to have a recipe that allows to compute directly the asymptotic
function λ(q). Fortunately this method exists and it will be described below. It will be demonstrated that the
cumulant generating function λ(q) is the solution of an integral eigenvalues equation. This equation was already
present in the literature17 and it was first derived using the replica theory. Here we give a parallel derivation, using
the language of the cavity method.
A. Method I
To obtain λ(q) we first compute the moments of the correlation function C(`)q:
C(`)q =
∏`
k=1
(
∂uk→k−1
∂uk+1→k
)q
. (20)
The variables {uk→k−1}`k=1 are correlated variables and this makes the analitycal computation hard to pursue in full
generality. Neverthless the estimation of λ(q) can be accomplished numerically with the following method. For any
fixed value of q, one generates many instances of C(`)q by iterating the following map:
uk→k−1 = β−1atanh
tanh(βJ) tanh
βhR + βuk+1→k + β z−1∑
j=1
uj→k
 , for k = `, `− 1, . . . , 1 , (21)
and applying Eq. (20). The variables uj→k are the cavity bias coming from the (z−1) branches outside the path that
merge on the node k. Within the cavity approach they are assumed to be independent and identically distributed
according to the distribution Q(u) given by Eq.(2). The starting cavity bias, u`+1→`, is also extracted from the
distribution Q(u). The average C(`)q is obtained as the mean over the instances generated with this method. Defining
an intermediate generating function λ`(q) as:
λ`(q) = − log C(`)
q
`
, (22)
eventually we have to take the limit:
lim
`→∞
λ`(q) = λ(q) . (23)
Assuming for λ`(q), in the limit `→∞, an expansion in powers of `−1 of the form:
λ`(q) = λ(q) +
A(q)
`
+ o(`−1), (24)
we obtain the value λ(q) extrapolating λ`(q) with the function (24). In practice we take 1250 values of q in the range
q ∈ [−0.25, 6.0], equally spaced by ∆q = 0.005, and vary ` from ` = 1 to ` = 10. For each value of q and ` we take the
average C(`)q over 107 instances and compute λ`(q). We collect 100 values of the same λ`(q) and estimate statistical
errors. In the end the extrapolation λ`(q)→ λ(q) is performed using Eq. (24).
In Fig. 2 we show the function λ(q) obtained with this method. The curve is computed at the critical temperature
corresponding to the random field strenght σ = 1.0 (and ferromagnetic coupling J = 1), for a Bethe lattice of
connectivity z + 1 = 3. We recall that the critical point is defined by the following condition:
λ(1) = log(z) for T = Tc(σ). (25)
The inset in Fig. 2 corresponding to q = 1 shows that, in our case, λ(1) = log(2). In general the condition (25)
defines a curve in the plane (T, σ), separating the paramagnetic and the ferromagnetic phases. Some of the critical
temperatures for the corresponding values of the random field σ are sketched in TABLE I. The other insets in Fig. 2
report the function λ`(q) for some representative values of q, together with the extrapolation to `→∞.
Method I works quite well for values of q in the range showed in Fig. 2, i.e. for 0.25 ≤ q ≤ 6. Outside this interval
the error on the intermediate generating function (22) is quite large, so that the extrapolation ` → ∞ is far less
reliable. This numerical shortcoming will be cured by the Method II.
6σ Tc(σ)
0.00 1.820478
0.20 1.7805(5)
0.50 1.5755(5)
0.80 1.1590(5)
1.00 0.5495(5)
1.02 0.3980(5)
1.035 0.1635(5)
1.037(1) 0.0
TABLE I: Some critical temperatures Tc(σ) in the RFIM on the Bethe lattice with coordination number z+1 = 3 and Gaussian
random fields. The last line corresponds to the zero temperature critical point, estimated with the method described in Section
V.
B. Method II
Another route to work out the function λ(q), getting rid of the extrapolation ` → ∞, leads to the following
eigenvalues equation18,19
Er
∫
du′g(u′, q) δ [u− uˆ(β, J, u′ + r)]
(
∂uˆ
∂u′
)q
= e−λ(q)g(u, q) , (26)
where uˆ(β, J, x) is given by Eq. (3) and the average over the variable r is performed using the distribution P cavz−1(r)
defined as:
P cavz−1(r) =
∫ [z−1∏
i=1
dQ(ui)
]
δ
(
r − hR −
z−1∑
i=1
ui
)hR
. (27)
Eq.(26), for any fixed q, is a homogeneous Fredholm’s integral equation of the second kind, which has a continous
spectrum. Luckly, the function λ(q) we are intersted in (i.e. the cumulant generating function of the decay rate) is
obtained by solving Eq.(26), for any fixed q, only for the largest eigevalue.
In order to derive Eq. (26) we start from the correlation function C(`):
C(`) =
∏`
k=1
∂uk→k−1
∂uk+1→k
. (28)
The random variables uk→k−1 and uk+1→k are related by the following equation:
uk→k−1 = uˆ(β, J, r + uk+1→k) . (29)
The correlation function at distance `+ 1 can be written as:
C(`+ 1) = ∂u1→0
∂u2→1
C(`) ,
u1→0 = uˆ(β, J, r + u2→1) .
(30)
Let us consider the joint probability distribution of the variables C(` + 1) and u1→0, which we call P`+1(C, u). Eq.
(30) defines the following recursion relation for the function P`(C, u):
P`+1(C, u) = Er
∫
dC′du′ P`(C′, u′)δ
[
C − ∂uˆ(β, J, r + u
′)
∂u′
C′
]
δ[u− uˆ(β, J, r + u′)] . (31)
Taking the partial moments:
ψ`(u, q) =
∫
dC P`(C, u) Cq , (32)
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Fig. 2: Use of Method I to compute the cumulant generating function λ(q). This plot refers to a function λ(q) computed on
a Bethe lattice with coordination number z + 1 = 3, at the critical temperature corresponding to the random field strenght
σ = 1.0, which is approximatively Tc(σ = 1.0) ≈ 0.549. For the meaning of the insets, see the discussion in Section III A .
Notice that in most of the cases the errors are practically invisible. (For typographical reason the letter L stands for the ` used
throughout the paper.)
we find the following recursion for ψ`(u, q):
ψ`+1(u, q) = Er
∫
du′ ψ`(u′, q) δ[u− uˆ(β, J, r + u′)]
(
∂uˆ
∂u′
)q
. (33)
For ` → ∞, Eq. (33) has only the solutions ψ∞(u, q) ≡ 0 for q > 0 and ψ∞(u, q) ≡ ∞ for q < 0, while for q = 0 the
asymptotic distribution is the cavity distribution ψ∞(u, 0) ≡ Q(u). Noticing that∫
du ψ`(u, q) = C(`)q , (34)
we define the renormalized function g`(u, q) as:
g`(u, q) = ψ`(u, q) e
`λ(q) , (35)
where λ(q) is given by Eq. (16). The function g`(u, q) has a finite limit for `→∞ and an integral normalized to one:
lim
`→∞
∫
du g`(u, q) = 1. (36)
8Inserting Eq. (35) into Eq. 33 and taking the limit `→∞, we recover Eq. (26):
e−λ(q)g(u, q) = Er
∫
du′ g(u′, q) δ[u− uˆ(β, J, r + u′)]
(
∂uˆ
∂u′
)q
.
The cumulant generating function is then given by:
λ(q) = − logEr
∫
du g(u, q)
(
∂uˆ
∂u
)q
. (37)
Eq. (26) can be derived also with the replica method, by diagonalizing the disorder-averaged replicated transfer
matrix:
Tn(s, s
′) = Er exp
(
βJ
n∑
a=1
sas
′
a + βr
n∑
a=1
s′a
)
, (38)
and taking the limit n→ 0 in the corresponding eigenvalues equations17.
It is worth recalling how the replica method works and how the physical properties are described in that language.
So, we briefly summarize the analysis made in Ref. 17, bridging the replica approach with the cavity interpretation.
The diagonalization of the replicated transfer matrix (38) is well defined only for integer values of the number of
replicas n. Exploiting the symmetry of Tn(σ, σ
′) under replica permutations, it can be block-diagonalized according
to the irreducibile representations (IR) of the symmetric group. Each IR D(q,m) is labeled by two integer numbers
q = 0, . . . bn/2c and m = 1, . . . , (n+ 1− 2q). For any given value of q, the (n+ 1− 2q) IR D(q,m) are all isomorphic
and have the same dimension dq = dim(D
(q,m)) =
(
n
q
)− ( nq−1). The replicated transfer matrix T (q)n , restricted to the
q-sector, will contain (n + 1 − 2q) different eigenvalues µ(q)m , each one with degeneracy deg
(
µ
(q)
m
)
= dq. A graphic
visualization of the q-sector of Tn is the following:
T
(q)
n =

D(q,1) =
 µ
(q)
1 0 0
0
. . . 0
0 0 µ
(q)
1

︸ ︷︷ ︸
dq
0
. . .
0
D(q,n+1−2q) =

µ
(q)
n+1−2q 0 0
0
. . . 0
0 0 µ
(q)
n+1−2q

︸ ︷︷ ︸
dq

︸ ︷︷ ︸
dq × (n+ 1− 2q)
. (39)
The sector q = 0 contains the replica-simmetric IR D(0,m), with m = 1, . . . , n+ 1. The IR D(0,m) are unidimensional
representations and each one carries a different eigenvalue µ
(0)
m . The maximum eigenvalue µ(0) = maxm
(
µ
(0)
m
)
is
equal to 1 and it is related to λ(0) by the equation:
µ(0) = e−λ(0) . (40)
In the replica language the sector q = 0 is called the longitudinal sector. Sectors with q 6= 0 correspond to replica-
symmetry broken representations. Calling µ(q) the largest eigenvalue belonging to the q-sector, µ(q) = maxm(µ
(q)
m ),
we have the following identification:
µ(q) = e−λ(q) . (41)
The sector with q = 1 is called the anomalous sector and that with q = 2 is the replicon sector. The largest eigenvalue
of the anomalous sector controls the decay of the average connected correlation function: C(`) = (µ(1))`, thus giving
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Fig. 3: The cumulant generating function λ(q) computed with Method I (red line) and Method II (black line) on a Bethe
lattice with fixed coordination number z + 1 = 3, at the critical point corresponding to the random field strength σ = 1.0 and
temperature Tc = 0.549. In the inset we show the eigenfunctions g(u, q) computed for the values of q marked by dots in the
main panel.
the signature of the ferromagnetic instability when it assumes the value µ(1) = z−1. The largest eigenvalue of the
replicon sector controls the decay of the average squared connected correlation function: C(`)2 = (µ(2))` and signals
the spin-glass instability when it evaluates µ(2) = z−1. In general it can be proven17,20 that the largest eigenvalue of
each sector q controls the decay of the qth-moment of the connected correlation function: C(`)q = (µ(q))`. Moreover
all the contribution to the assessment of the moment C(`)q comes only from the sector q, since other sectors with
k 6= q give vanishing contributions. Anyhow the sectors with q ≥ 3 do not have a specific nomenclature and they are
not associated to any kind of phase transition (that is µ(q) < z−1 for q ≥ 3).
At this stage the replica results are only justified for integer values of q. Taking the limit n → 0, the analytic
continuation to real values of q allows one to obtain a continous set of eigenvalues µ(q).
In the replica picture the cumulant generating function λ(q) is related to the spectrum of the replicated transfer
matrix via Eq. (41). The eigenfunctions g(u, q) correspond to eigenperturbations towards replica-symmetry broken
directions.
In many applications the knowledge of the spectrum of the replicated average transfer matrix has a deep theoretical
importance, particularly in the computation of the finite size 1/N corrections in finitely connected models, see for
example Refs. 20,21.
Method II looks much more robust than Method I, mainly because it circumvents the annoying problem of extrap-
olating the `→∞ limit. A way to solve numerically the eigenvalues equation (26) requires discretizing the variables
and replacing integral by sum. If the integral kernel is positive defined (as in the case of the RFIM) it can be solved
also by means of a population dynamics algorithm. In adopting the latter scheme one has to distinguish the algorithm
for q > 0 from that for q < 0. If q > 0 the population is reweighted by the factor
(
∂uˆ
∂u′
)q
< 1. Practically, when
running the population dynamics algorithm, the updates are accepted with probability
(
∂uˆ
∂u′
)q
. Instead if q < 0 the
same factor is bigger than one
(
∂uˆ
∂u′
)q
> 1. The effect on the algorithm is that of introducing in the population, at
each update, more copies of the same elements. This requires to filter the population at each step of the algorithm,
in order to reduce the fraction of twins from the pool of evolving fields representing the population.
In Fig. 3 we compare the function λ(q) computed with Method I and Method II. In the same figure we also show
some of the eigenfunctions g(u, q).
In Fig. 4 we draw the profiles of the function λ(q) at different critical points on the critical line, ranging from the
10
-2
-1
 0
 1
 2
-1  0  1  2  3  4
λ(q)               
q
log(z)
σ = 0.0             T = 1.8205
σ = 0.5             T = 1.5755
σ = 0.8             T = 1.1590
σ = 0.95           T = 0.7760
σ = 1.02           T = 0.3980
σ = 1.035         T = 0.1635
σ = 1.037         T = 0.0
Phase Diagram (z = 2)
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 0  0.4  0.8  1.2  1.6  2
σ     
T
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zero field critical point to the zero temperature critical point.
In the zero field case the function λ(q) is simply given by λ(q) = q log(z). At the zero temperature critical point
the function λ(q) becomes singular. This is due to the fact that Eq. (26), in the limit β →∞, becomes:
e−λ(q)g(u, q) = Er
∫
du′ g(u′, q) δ[u− uˆ(J, r + u′)]Θ(J − |r + u′|)q , (42)
where uˆ(J, r + u′) = sign(r + u′) min(J, |r + u′|). We deduce that for any q > 0 the function λ(q) must be a costant.
At the zero temperature critical point it remains true that λ(1) = log(z), so that λ(q) = log(z) for any q > 0. For
q = 0 the eigenvalues equation reduces to cavity equation at zero temperature and we find λ(q = 0) = 0. Lastly for
q < 0 we have λ(q) = −∞.
A further comment on the limits q → ∞ and q → −∞ can be useful. In the q → ∞ limit, the average C(`)q is
dominated by the largest correlations C(`). By noticing that each term in the product in Eq.(6) is bounded by
∂uk→k−1
∂uk+1→k
≤ tanh(βJ) ,
we have that the largest correlations approach the upper bound
C(`)q ≤ tanh(βJ)q` ,
that in turn implies
λ(q) ≥ −q log tanh(βJ) .
Since the function λ(q) is concave, it can not be super-linear and so, for large q values, it must grow linearly
λ(q) ≈ −q log tanh(βJ) .
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On the contrary, the q → −∞ limit depends on the distribution of the random fields: if random fields are bounded
then a linear behavior in λ(q) can be derived with an argument similar to the one above, but if random fields are
unbounded (as in the case of Gaussian random fields) the behavior of λ(q) for q → −∞ depends on the tail of the
distribution of the random fields. Indeed a correlation can become very close to zero only if a large random field is
generated, since
∂uk→k−1
∂uk+1→k
≈ 2 sinh(2βJ)e−β|hR| for |hR|  1 .
For Gaussian random fields the leading behaviour for q → −∞ is
λ(q) ≈ −2β2σ2q2 .
IV. COMPUTING THE RATE FUNCTION Σ(γ)
The rate function Σ(γ) is the Legendre-Fenchel trasform of the function λ(q) via Eq.(19). To estimate Σ(γ) from
λ(q) we use the following routine. The input data are the pairs {qi, λ(qi)}Nqi=1, where Nq is the number of available
values of q. We start by computing the local slopes si:
si =
λ(qi+1)− λ(qi)
qi+1 − qi . (43)
Since the function λ(q) is concave, the sequence is only decreasing. Then we choose Nγ values γ1, . . . , γNγ , and for
each γk we obtain Σ(γk) as:
If si < γk ≤ si−1 then Σ(γk) = λ(qi−1)− qi−1γk . (44)
We notice that Nq = Nγ is required to obtain good numerical accuracy.
Let us recall two properties concerning the rate function Σ(γ). The point where Σ(γ) = 0 identifies the typical
value γ = γ0 of the decay rate. This quantity is rather easy to compute, since from the definition (16) we have:
γ0 =
dλ(q)
dq
∣∣∣∣∣
q=0
= − lim
`→∞
log C(`)
`
= −Eh log
[
∂
∂h
uˆ(β, J, h)
]
, (45)
where uˆ(β, J, x) is given by Eq. (3) and the expectation over the cavity field h is taken using the distribution (2).
The point γ∗, defined by the equation:
∂Σ(γ)
∂γ
∣∣∣
γ∗
= −1 , (46)
gives the rate of correlations which dominate the average C(`). The value of Σ(γ) in this point is: Σ(γ∗) = λ(1)− γ∗.
At the critical point we know from Eq. (25) that λ(1) = log(z), and then we have:
Σ(γ∗) = log(z)− γ∗ for T = Tc(σ) . (47)
In Fig. 5 we show the profiles of the rate function Σ(γ), computed on a Bethe lattice of connectivity z + 1 = 3, at
a fixed random field strenght equal to σ = 0.85 and four temperatures: T = 1.8 > Tc, T = 1.3 > Tc, T = 1.055 = Tc,
T = 0.9 < Tc. This gives an idea on how the function Σ(γ) changes when lowering the temperature. Two opposite
effects should be noted: close to Tc, γ0 grows while the curvature of the function decreases. The critical temperature
Tc is the only temperature such that the curve Σ(γ) touches the straight line log(z)− γ.
The behaviours of the quantities γ∗, γ0 and λ(1) as functions of the temperature, at fixed random field strenght
σ = 0.85, are depicted in Fig. 6. We recall that the rate γ∗ and the rate λ(1) (i.e. the decay rate of the average
correlation function: C(`) = e−`λ(1)) are related by the equation λ(1) = γ∗ + Σ(γ∗).
It is interesting to see how the rate function changes when moving along the critical line. To this end we consider
the total number of correlations C(`) decaying with rate γ:
N`(γ) = z`e−`Σ(γ) , (48)
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and we define the logarithmic scaled number as:
n(γ) = lim
`→∞
logN`(γ)
`
= log(z)− Σ(γ) . (49)
The word ”scaled” is used to indicate that n(γ) is the logarithm of N`(γ) scaled by `. From the definition of n(γ) we
will have that n(γ0) = log(z) and n(γ
∗) = γ∗.
In Fig. 7 we show the logarithmic scaled number n(γ) computed in three different critical points along the critical
line.
In Fig. 8 we report the behaviour of the saddle point decay rate γ∗ and the typical decay rate γ0, as functions of
the critical temperature Tc(σ).
We note that, moving toward the zero temperature critical point, the typical rate γ0 becomes bigger and bigger
and it can be seen, from Eq. (45), that it diverges as T−1 for T → 0. Indeed in the limit T → 0 Eq. (45) becomes:
γ0 '
∫
dhP (h) log[1 + e2β(|h|−J)] '
∫
|h|<J
dhP (h) e−2β(J−|h|) + 2β
∫
|h|>J
dhP (h)(|h| − J) ∝ 1
T
for T → 0 . (50)
On the contrary the rate γ∗ becomes smaller and smaller and it is expected to vanish for T → 0. This means that
stronger and stronger correlations dominate the critical behaviour when going to low temperatures. By virtue of the
fact that n(γ∗) = γ∗ this also means that dominant correlations becomes even more rare. This observation suggests
that, exactly at zero temperature, the critical behaviour is induced by a sub-exponential number of correlated spin
variables. This number can be estimated in the following way. Let us consider a chain of spins of lenght `. The energy
of the chain conditioned on the boundary spins, apart from an additive costant, can be written as:
E`(s0, s`) = −h0s0 − h`s` − J`s0s` . (51)
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Knowing the triplet (h0, h`, J`), we can compute the magnetization 〈s0〉:
〈s0〉 = tanh {βh0 + atanh[tanh(βJ`) tanh(βh`)]} . (52)
From 〈s0〉 we obtain the response function R(`;h0, h`, J`):
R(`;h0, h`, J`) = ∂〈s0〉
∂h`
= β(1− 〈s0〉2) th(βJ`)(1− th
2(βh`))
1− th2(βJ`)th2(βh`)
, (53)
and the normalized correlation function C(`;h`, J`):
C(`;h`, J`) = th(βJ`)(1− th
2(βh`))
1− th2(βJ`)th2(βh`)
. (54)
In the limit β →∞, the correlation C(`;h`, J`) becomes a theta function:
C(`;h`, J`) = Θ(J` − |h`|) . (55)
Now, let us take the average of C(`;h`, J`) with respect to h`:
C(`; J`) =
∫
dh P`(h) Θ(J` − |h|) . (56)
For ` large enough we can assume J`  1 and we find:
C(`; J`) ∝ J` , for `→∞ . (57)
This means that all non-zero correlations still have a non-trivial distribution, which can be asymptotically inferred
from the distribution of the effective coupling between two spins. If we get this distribution, we can find the number
of critical correlations with sub-exponential accuracy. This is precisely the goal of the next Section.
V. LARGE DEVIATIONS AT ZERO TEMPERATURE
In the limit T → 0 the normalized connected correlation function C(`) can assume only two values, namely 0 and
1, so that the cumulant generating function λ(q) becomes not differentiable. If we imagine to go to lower and lower
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temperatures, we would find, on one side, that typical correlations become closer and closer to zero and the typical
rate γ0 would be pushed to +∞. On the other side correlations which dominate the susceptibility would become
closer and closer to 1 and the rate γ∗ would tend to 0. At the same time the number N`(γ∗) of atypical correlations
becomes sub-exponential in the limit T → 0, so that large deviations on the exponential scale disappear.
The really interesting observable at T = 0 is the response function R(`), which is the quantity directly involved
in the computation of the susceptibility χF . In this Section we derive the analytical form of the response function
distribution. To this end we again consider two spins in the graph, named s0 and s`, joined by a chain of lenght `.
Calling h0 and h` the local fields acting on s0 and s`, and J` their effective coupling, the state of the spin s0 in the
ground state is
σGS0 = Θ(J` − |h0|)sgn(h0 + h`) + Θ(|h0| − J`)sgn(h0) , (58)
and the response function is given by
R(`;h0, h`, J`) = ∂σ
GS
0
∂h`
= 2δ(h0 + h`)Θ(J` − |h0|) . (59)
Calling P(h0, h`) the joint density of h0 and h` and taking the average of R(`) we have
R(`; J`) = 2
∫
dhP(h,−h)Θ(J` − |h|) , (60)
When `→∞, the effective coupling is very small J`  1 and eq (60) can be approximated as
R(`; J`) ≈ 4P(0, 0)J` . (61)
The response function, averaged over the boundary fields, becomes proportional to the effective coupling between the
variables, for large distances. The ferromagnetic susceptibility is
χF =
∑
`
z` R(`) ∝
∑
`
z` J` . (62)
The information about rare correlations is contained in the pdf P`(J). To compute the function P`(J), we consider
the energy of a chain in the graph connecting two spins s0 and s`, conditioned on the boundary spins:
E`(s0, s`) = −h(`)0 s0 − h`s` − J`s0s` + E` , (63)
where E` is a costant not depending on the boundary spins. Adding a new spin at the end of the path s`+1 and
minimizing the energy over s`, one gets the new energy function
24 E`+1(s0, s`+1):
E`+1(s0, s`+1) = −h(`+1)0 s0 − h`+1s`+1 − J`+1s0s`+1 + E`+1 , (64)
with
h
(`+1)
0 = h
(`)
0 + sgn(h`)∆h
(`+1)
0 , (65)
h`+1 = r + sgn(h`)∆h`+1 , (66)
E`+1 = E` + ∆(`+1)E , (67)
where r is the cavity field coming from the z − 1 branches outside the path that merge on the node ` + 1. The
evolution rules for ∆h
(`)
0 , ∆h`, J`, ∆
(`)
E are reported in TABLE II.
∆h
(`+1)
0 ∆h`+1 J`+1 ∆
(`+1)
E
I) |h`| < 1− J` 0 |h`| J` −1
II) 1− J` < |h`| < 1 + J` (|h`|+ J` − 1)/2 (|h`|+ 1− J`)/2 (1 + J` − |h`|)/2 −(1 + |h`|+ J`)/2
III) |h`| > 1 + J` J` 1 0 −|h`|
TABLE II: Flow of the parameters of the boundary-spins-conditioned energy function E`(σ0, σ`) in the evolution E`(σ0, σ`)→
E`+1(σ0, σ`+1)
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The recursive equation for the joint distribution of h` and J` is:
P`+1(J, h) = Er
∫ 1
0
dJ ′
{∫
I
dh′ P`(J ′, h′)δ(J − J ′)δ(h− r − h′)
+
∫
II
dh′ P`(J ′, h′)δ
(
J − 1 + J
′ − |h′|
2
)
δ
(
h− r − sgn(h′) |h
′|+ 1− J ′
2
)
+
∫
III
dh′ P`(J ′, h′)δ(J)δ(h− r − sgn(h′))
}
, (68)
where Er is the expectation over the field r, which is distributed according to P cavz−1(r). The integration domains I, II
and III are defined in TABLE II . Eq. (68) has to be solved with the initial condition P1(J, h) = δ(J − 1)P cavz−1(h).
The most general form of the function P`(J, h) is
P`(J, h) = p`Q`(J, h) + (1− p`)δ(J)S`(h) . (69)
For `→∞, the following limit must hold
lim
`→∞
∫
dJ P`(J, h) = P
cav
z (h) , (70)
and then
lim
`→∞
p` = 0 (71)
lim
`→∞
S`(h) = P
cav
z (h) . (72)
Moreover we can define the following limit
Qcavz (h) ≡ lim
`→∞
∫
dJ Q`(J, h) , (73)
corresponding to the pdf of cavity fields on chains with non-zero effective coupling J`. The limiting distribution
Qcavz (h) is different from P
cav
z (h) (see Fig. 10) and fulfils the following equation:
Qcavz (h) = δ
(
h− hR −
z−1∑
k=1
uk − w
)
, (74)
where w is the asymptotical cavity bias running along a path with J` 6= 0. The random variable w is drawn from the
pdf g(w), which obeys the following equation:
g(w) =
1
zg
Er
∫
dw′ g(w′) δ[w − uˆ(w′, r)] Θ(1− |w′ + r|) , (75)
where uˆ(w′, r) = sign(w′ + r) min(1, |w′ + r|), the expectation over the field r is taken using the distribution P cavz−1(r),
and the costant zg guarantees that g(w) is properly normalized. In the large ` limit it is reasonable to make the
approximation Q`(J, h) ≈ Qcavz (h)R`(J), so that the full distribution (69) becomes:
P`(J, h) ≈ p`Qcavz (h)R`(J) + (1− p`)δ(J)P cavz (h) for `→∞ . (76)
The only unknown function is R`(J) and the distribution of the effective coupling can be exstimated as
P`(J) =
∫
dh P`(J, h) ≈ p`R`(J) + (1− p`)δ(J) for `→∞ . (77)
Putting (76) into Eq. (68) gives the recursion equation for R`(J):
R`+1(J) =
R`(J)
∫
I
dh Qcavz (h) +
∫ 1
0
dJ ′R`(J ′)
∫
II
dh Qcavz (h)δ[J − (1 + J ′ − |h|)/2]∫ 1
0
dJ R`(J)
∫
|h|<1+J dh Q
cav
z (h)
. (78)
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Since the distribution P`(J) concentrates on the point J = 0, a further simplification is achieved by taking into
account only the lowest order in J into eq (78) for `→∞. Calling
λ =
∫ 1
−1
dh Qcavz (h) , (79)
ρ = 2Qcavz (1)/λ , (80)
eq (78) becomes
R`+1(J) =
R`(J)(1− ρJ) + 2ρ
∫ 1
J
dJ ′R`(J ′)
1 + ρ〈J`〉R , (81)
where 〈J`〉R =
∫
dJR`(J)J satisfies the equation
〈J`+1〉R = 〈J`〉R
1 + ρ〈J`〉R . (82)
The solution, with the initial condition 〈J1〉R = 1, is
〈J`+1〉R = 1
1 + `ρ
≈ 1
`ρ
. (83)
The recursion equation (81) for the function R`(J) reads:
R`+1(J) =
`
`+ 1
[
R`(J)(1− ρJ) + 2ρ
∫ 1
J
dJ ′ R`(J ′)
]
, (84)
whose solution is
R`(J) = ρ(`− 1)(1− ρJ)`−2[1 + a`] , (85)
where a = 1−ρ1−ρJ < 1 . The coefficients p` can be fixed via the following equation:
p`+1 = λp`[1 + ρ〈J`+1〉R] −→ p` = `λ`−1 . (86)
In conclusion, the distribution of the effective coupling P`(J) is:
P`(J) = ρλ
`−1`(`− 1)(1− ρJ)`−2 + (1− `λ`−1)δ(J) . (87)
In the large ` limit the distribution P`(J) behaves as
P`(J) ≈ ρ `2λ`e−`ρJ + (1− `λ`)δ(J) . (88)
The previous expression shows that the relevant effective couplings different from zero are of order J` = O(1/`). The
mean value of the effective coupling J` is:
J` =
∫
dJ P`(J)J = λ
`−1 . (89)
Even if the mean value J` is exponentially small in `, the values of J` which mostly contribute to the average are of
order 1/`. The asymptotical form (88) could have been predicted knowing the scaling of the moments Jq` ≈ λ`/`q−1
for `→∞.
The knowledge of the average J` allows us to evaluate the ferromagnetic susceptibility:
χF ∝
∑
`
z` J` ∼ (1− zλ)−1 , (90)
which diverges when zλ = 1.
The total number of pairs with effective coupling J` 6= 0, for large separations ` 1, is
N` = `(zλ)` for ` 1 . (91)
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Fig. 9: Pdf of the effective coupling P`(J) computed numerically for ` = 5, 10, 20, 30 and the analitycal prediction given by
Eq. (87) (black dashed line). The curves are computed at the zero temperature critical point on a graph with connectivity
z + 1 = 3, where σc(T = 0) ≈ 1.037(1).
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At the critical point zλ = 1, so that the number of correlated not-frozen pairs (i.e. for which the response J` 6= 0)
is linear in the spin separation: N` ∼ `.
In Fig. 9 we compare the analytical formula for the effective coupling pdf, given by Eq. (87), against the exact
numerical estimate obtained by solving Eq.(68).
In Fig. 10 we report the distribution Qcavz (h), obtained by solving Eq. (74) at the critical point. The knowledge
of Qcavz (h) allows us to determine the parameters λ and ρ, which (at the critical point) we find to be equal to
λ = z−1 = 0.5 and ρ ∼ 0.868.
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Before concluding this work let us make some observations regarding the disconnected correlation function 〈s0〉〈s`〉.
This correlation function plays a crucial role in the analysis of the critical behaviour of the RFIM, since, in finite
dimensional models, it is more singular than the connected correlation function. On a Bethe lattice the correlation
functions have no singularity at all, since the correlation length never diverges. However the decay properties of
〈s0〉〈s`〉 at large distances are different from those of the connected correlation function. As we will see this difference
is a reminiscence of the different singularities met in finite dimensional systems.
The large distance behaviour of 〈s0〉〈s`〉 at zero temperature can be estimated with the following argument. Let
us consider a chain in the graph connecting two spins at distance `, which we call s0 and s`. Let us consider also a
third spin sp belonging to the path joining s0 and s`, whose distances from s0 and s` are p and `− p respectively.
The spins s0 and s` are correlated only if both are correlated with the spin sp, that is if the effective couplings
J0p and Jp` are different from zero. We assume that both p and ` − p are large enough so that J0p and Jp` are
sufficiently small. In this situation the effect of a magnetic field H ≥ max(J0p, Jp`) acting on sp will propagate both
to s0 and s` and thus the two boundary spins become correlated. The correlation induced by the field H is of order
J0p Jp` ∼ λpλ`−p = λ`. Since the position of the spin sp can be varied on the path, we have also to sum over all
internal positions, thus obtaining
〈s0〉〈s`〉 ≈
`−1∑
p=1
λpλ`−p ≈ `λ` . (92)
The large distance decay of the disconnected correlation function 〈s0〉〈s`〉 contains a pre-exponential factor which
grows linearly with `. In momentum space25 〈s0〉〈s`〉 has a Lorentzian squared behaviour
(
p2 + µ2
)−2
, where the
mass µ ∝ log(1/λ). The response function J`, instead, has a simple Lorentzian behavior
(
p2 + µ2
)−1
. In our model
the mass µ never vanishes, since λ ≤ 1/z. However in finite dimensional models the mass µ vanishes at the critical
point and 〈s0〉〈s`〉 has a double pole at zero momentum.
VI. SUMMARY AND CONCLUSION
In this work we perfomed an analysis of the fluctuations of the spin-spin connected correlation function in the
RFIM, using the theory of large deviations. These fluctuations are of great physical relevance, since the probability
distribution of correlations is nontrivial in the thermodynamical limit. Indeed, in the limit N → ∞, it becomes
sharply peaked for large `, but C(`) still fluctuates wildly among samples or in a given sample among different sites.
The major effect of the quenched disorder is that of inducing very strong correlations in a small subset of the
dynamical variables. We found that precisely these rare and strong correlations dominate the ferromagnetic suscep-
tibility. Accordingly the phase transition is mainly driven by the fluctuations of the quenched disorder, rather than
the thermal noise. This is the reason why the phase transition remains of the same nature at zero temperature, where
thermal fluctuations are absent. Indeed, in the limit T → 0, there is still a very small number of degrees of freedom
having a non-vanishing response. This is sufficient to cause the divergence of the ferromagnetic susceptibility at the
critical point. In our model we found that the number of variables responding to a perturbation applied on the root
spin at distance `, is not exponential (as in the finite temperature case), but only linear in the separation `.
Another prototypical model of quenched disorder is the spin-glass Ising model. It is well known that this model,
on a Bethe lattice, undergoes a phase transition at zero temperature at a finite value of the external homogeneous
magnetic field. When the couplings of the model assume two possible values, say J = ±1 with equal probability, then,
thanks to a gauge transformation22 of the coupling constants, we can easily extend the zero temperature analysis of
the RFIM to the spin glass model, provided we are above the critical point. The gauge transformation sends the spin
si into siτi, and the couplings Jij into Jijτiτj , where the numbers τi take two possible values: τi = ±1. To determine
the numbers τi, we make the following reasoning. Let us pick up a node i at random in the graph, that we call the
root. In the thermodynamic limit, the neighborhood of this node will be, with high probability, a tree. We start
from τi = 1 for all i. Now we consider all the negative couplings Jij = −1 emanating from the root. For each of
those, we perform the following transformation on the spins sj → τjsj , with τj = −1. At this point we recompute
the couplings J around node j and we consider the all the negative couplings Jjk emanating from node j, then we
set τk = −1. We keep on transforming iteratively until we reach the leaves. Thus, the gauge transformation has the
effect to propagate the frustration on the boundary of the graph. If the system has only one pure state, and so it
is above its critical point, the frustration cannot generate long range correlations. As a consequence the spin on the
root is insensitive to the frustration on the boundary. Said in another way, the frustration on the boundary can be
substituted with uncorrelated random boundary conditions, without altering the marginal distribution of the spin on
the root (or the marginals of any set of variables at a finite distance from the root). Therefore, the gauge-transformed
20
model is equivalent to a ferromagnetic model (all J ’s positive) in a random magnetic field. We stress that this is
indeed true only above the critical point. Thanks to this equivalence all the results derived in this work immediately
apply. The only modification in the formulae amounts to substitute J with |J | in the distribution of the effective
coupling.
As a final remark we want to mention that the value of connectivity (z + 1 = 3), chosen to compare the zero
temperature analytical predictions, is the worst case scenario, since for larger values of z the approximations used in
the derivation of the effective coupling pdf P`(J) become closer to exact.
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